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INVARIANCE PRINCIPLES AND GAUSSIAN APPROXIMATION
FOR STRICTLY STATIONARY PROCESSES

DALIBOR VOLNY

ABSTRACT. We show that in any aperiodic and ergodic dynamical system there
exists a square integrable process (f o T?) the partial sums of which can be
closely approximated by the partial sums of Gaussian i.i.d. random variables.
For (f o T?) both weak and strong invariance principles hold.

1. INTRODUCTION AND RESULTS

By (Q, A, T, 1) we denote an aperiodic and ergodic dynamical system where T'
is an automorphism of the probability space (2,4, T, u).

If the dynamical system is of positive entropy, we can find a measurable function
f such that the random variables f o T are independent, hence the process (f oT")
is a sequence of i.i.d.; if the entropy is infinite, f o T% can be Gaussian. In the case
of positive entropy we thus can find processes (f o T*) for which the central limit
theorem or a functional central limit theorem (invariance principle) holds. The
process need not be independent: e.g., there exists a vast literature on the CLT for
(strictly) stationary processes (cf. [G], [Ha-He], [Vo2])—but the assumptions imply
positive entropy.

From the properties of joinings (see [Ru], Thm. 6.11) it follows that if (X;,Y;)
is a strictly stationary sequence of random vectors where the process (X;) has zero
entropy and the Y; are independent (identically distributed), then the processes
(X;) and (Y;) are independent.

The central limit theorem for processes of zero entropy has for some time been
an open problem: Denker and Keane quote ([De-K]) a problem of J.-P. Conze:
whether there exists a process (f o T") in a dynamical system of zero entropy, for
which the CLT would hold. The question was answered by Burton and Denker
([Bu-De]), who proved that in any aperiodic and ergodic dynamical system there
exists a process (f o T?) for which the central limit theorem holds. The result
was surprising—the CLT can hold even in such dynamical systems as irrational
rotations. This means that even in such dynamical systems, the normalized partial
sums of random variables f oT" can be “almost” Gaussian. The CLT was proved in
the sense of the convergence of the distributions of S, (f)/||Sn(f)|l2, Sk (f) denoting
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the sum Z?:_Ol foT? In [D-L-P-W] a minor error in [Bu-De] is corrected, and the
ideas are further developed.

We shall prove that in the aperiodic and ergodic dynamical system (Q, A, T, u)
we can find a square integrable function f such that the partial sums S,(f) =
Z?:_Ol f oT can be approximated by partial sums of independent and identically
distributed Gaussian random variables in a much stronger sense:

Theorem 1. For every n = 1,2,... there exist independent random wvariables
Znd s Znn—1 with normal distributions N (0,2(loglog 3 — loglog2)) such that

1/2
1glea<Xn_HS€ ZZ all2 <1ogn> '

Theorem 2. There exist mdependent random variables Z; with normal distribu-
tions N (0, 2(loglog 3 — log log 2)) such that

1Se(f ZZ I = loglogloglogn 1/2
1ré1§1<xn\/_ ¢ > logn '

Using an adequate multiple of f, in both theorems we can get for the functions
Zn,j, Zj the standard normal distribution N (0, 1). In order to shorten the formulae
in the proofs, however, we use the given formulations.

Let us recall a few definitions (cf. [B] and [Cs-Re]). Suppose that f is a measur-
able function on Q. For ¢ € [0, 1] we define

[tn]—

i _[tn]o[n]
Zf T+ === f T,

1
on(t) =
\/_

n=12,....

If the mappings ¢, : @ — C([0,1]) converge in distribution to the Brownian
motion process W (t), we say that (for the process (f o T%)) the weak invariance
principle holds.

If for any vector (t1,...,t) € [0, 1]

(pn(t1),. .., pn(tr)) converge in distribution to (W (t1),..., W(tx)),

we say that the finite dimensional distributions of ¢,, converge to those of W.

In [Lal], M. Lacey proved the invariance principle in the sense of the convergence
of finite dimensional distributions to the distributions of self-similar processes, but
the proofs need a correction. For irrational rotations of the circle the result was
given in [La2] (the author also showed that f can be Holder continuous).

Theorem 3. For the process (f o T?) the (weak) invariance principle holds.

If there exists a probability space with a Brownian motion process W (t) and
a sequence of random variables (X;) equally distributed as (f o T%) such that for
S =" X,
|Sn — W(n)|
Vnloglogn
we say that the strong invariance principle holds.
In the paper [Bu-De| the authors conjectured that in any aperiodic and er-
godic dynamical system the strong invariance principle with n®+1/2 replacing the

v/nloglogn holds for some process (f o T?), too.

— 0 a.s.,
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We shall prove the following version of the strong invariance principle:

Theorem 4. There exist Gaussian independent and identically distributed random
variables Z; such that

|Sn(f) = D10 Zi
vnloglogn

2. PrROOFS

— 0 a.s.

Using Proposition 1, we shall construct the function f.

Proposition 1. Let €1,¢€3,... be positive real numbers, oy, s, ... real numbers,
and dy,ds, ... positive integers.

Then there exist functions fi, fa,--- € L* with zero means, and mutually in-
dependent random wvariables Xy ;, ¢ = 0,...,2dy, k = 1,2,..., with distributions

N(0,02), such that for each k =1,2,... and 0 <i < 2dj
[ Xk — froT'[|2 < e

The random variables X}, ; are thus i.i.d. in each row, and the rows are mutually
independent. The random variables fi, frx o T,..., fr o T?% are thus “almost”
i.i.d. normally distributed and “almost” independent of the o-algebra generated by
fisfioT, ... fjoT?i 1<j<k-1.

Proposition 1 is an immediate consequence of

Proposition 2. Let ny be positive integers. Let (X.;)icz be ergodic strictly sta-
tionary processes (defined on different probability spaces), and let e, > 0, k =
1,2,....

Then there exist measurable finite valued functions fy such that

1. for every k =1,2,... there exists a random vector (X,’C,07 . ,X,’C,nk) with the
same distribution as (Xg,0,. .., Xkn,) on €,

M{HO <1< ng, |f;€ ot — X]/Q)l| > ek} < €k,
and
2. the partitions £ generated by f; o T, 0 < i< nj, 1 <7< k-1, andn
generated by fr o T, 0 < i < ny, are e-independent in the sense that
> [1(A) — p(A|B)] < €.
Aen, Be&, u(B)>0
Remark. Usually, e-independence is defined in a weaker sense—the sum is taken

over a set of B € £ whose union has measure greater than 1 — €.

Proof of Proposition 2. For proving Proposition 2 it is enough to show that when
given a finite measurable partition £ of €2, € > 0, n € N, and an ergodic strictly
stationary process (X;), there exist a finite valued function f and a random vector
(X4, ..., X)) equally distributed as (Xo, ..., X,) such that

(1) p{30<i<n, [foT' —X]|>e} <e

and

(2) > |u(A) — w(A|B)| <,

Aemny, BEEL, u(B)>0

where 77 is the partition generated by f, foT,..., foT™.
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Without loss of generality we can assume that the X; are finitely valued.

Let & = {A1,..., Ax}. Let N be a positive integer, F,TF,..., TV F a Rokhlin
tower. By 7, we denote the partition generated by F,TF,... , TNF.

Let (©',C, S, v) be another ergodic dynamical system with a measurable function
X on € such that the distributions of the random vectors (X, X 0 S,..., X o S")
and (X, ..., X,) are the same; without loss of generality we can assume that v is
aperiodic. By 1y we denote the partition of €' generated by X,..., X o S™.

In the dynamical system (©,C, S, v) there is a Rokhlin tower E,SE,...,SNE
such that v(E) = u(F), generating a partition my, and a partition & such that the
partitions &; V w1 generated by &1, w1, and & V me generated by &5, 7o, respectively,
are equally distributed.

On (9, A,T,u) there exists a partition 1 such that the distributions of the
partitions & V e V12 and & V mp V 11 are the same. By f we denote the function

N—n
which corresponds to X. If we choose the Rokhlin tower so that u( |J T'F) > 1—e¢,
=N
the distribution of f, foT, ..., foT™ will be close enough to that of X, X oS,...,
X 08" and (1) will be guaranteed. Similarly we can guarantee (2). O

By U we denote the unitary operator on L? defined by U f = foT; I denotes the
identity operator I f = f. For every function f and positive integer n we denote

n—1
Su(f)=>_ foT".
1=0

For k=1,2,... we define

di = 3%,
k
Pk = 2 ’
3)
ar = 1/(pVk),
€ = 63k,
By Proposition 1 there exist functions fi, fa, - - - € L? with zero means such that

foreach k =1,2,... and 0 < i < 2d;
[ Xk — froo T2 < €,

where Xy ;,1=0,...,2d,, k=1,2,..., are mutually independent random variables
with distributions N(0,a2). Put

pe_l pel
o= Uf=U™ > U'fi,
i=0 =0

F=3" I
k=1
We define
UXpi = Xpin

whenever Xy, ;, X ;41 are defined.
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For j =0,1,...,n let us denote
Yog= > pe(Xnj— Xkdaess),
k:pr <n<dy

7 v ‘\/2(10g10g3—10g10g2)
e 1Yo ll2

The random variables Y3, j, 0 < j < n —1, are mutually independent and Gauss-
ian.

Lemma 1.

0 51~ v/2ogTog3 ~ g og | = O

)

1
logn
.. 1
(i) ¥ sll2 — v/2(Ioglog3 — Toglog2)| = 0 ( )

for every 5 =0,1,...,n.

logn
First let us notice that

1 logn logn 3log3
9 = (1 -1 | < .
@) Z k (Og<1og2) Og(10g3)> ~ logn

logn/log 3<k<logn/log?2

(4) follows from the fact that for any positive integers a < b we have

b1 b b /1 1 1
Er/a ;df”\f;(rm)ﬁa

Proof of Lemma 1. From the independence of the X}, ; it follows that

n—1
I Yasli=20 > afpi=2n 3 %
§=0

k:pr<n<dy logn/log 3<k<logn/log2

1 1
log o8N log 081 _ loglog 3 — loglog 2
log 2 log 3

n—1
1 , 1
H > Yol ~ 2oglog3 loglog2)| = 0 (1ogn> .

From (4) and

it follows that

Because Y, 0, ..., Yy, are independent and identically distributed,

1
154113 = 2(log log 3 — log log 2)| = O ( >

logn
and
1
(i) ‘||Yn,j||2 — v/2(loglog 3 — 10g10g2)) =0 (1ogn)
for every j =0,1,...,n. From
Yol = 1Zn,jll2] < 11Yn; = Zngllz < |Ya,ll2 — v2(loglog 3 — loglog 2)|

= 0(1/logn)
we get (ii). |
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We denote

oofe =D e =)0 Ik

k:dp<n k:pr<n<dy k:n<pp

For j =1,2,... we thus have
Si(f) = S;(f) + S;(f") + S; ().

In Lemmas 4-6 we shall approximate the partial sums S;(f’), S;(f"), S;(f")
by Gaussian random variables. We shall prove Theorems 1-4 when using a dou-
ble approximation: first we’ll approximate S, (f) by Gaussian random variables
constructed by X, ; and Y, ;, and the Gaussian character of the approximating
variables will then let us estimate their difference from the partial sums of the Z, ;
and the Z; (the Z; will be defined later).

In the computations we shall use

Lemma 2. Leta > 1, p > 0, ¢ > 0. Then there exists a constant K < oo such
that

> e
b g kp - 1ogn)
Proof. In fact,
1 1
. [ log, [ log, n] .
a a
> WS Z P
k:ack<n ke k— [2_1C log,, n]+1 (% ]‘Oga n)p
altlzslogan] _ 1 gl+lzlog,n] _q 1
< + T
a—1 a—1 (35 log, n)P
anz —1  ant —1 1
a—1 a—1 (5log,n)P’
([x] denotes the integer part of x.) O

The validity of the invariance principle is equivalent (see [B], Thm. 8.1) to
the convergence of finite dimensional distributions of the C([0, 1])-valued random
variables ¢, to that of the Brownian motion process W, and to the tightness of the
sequence of the distributions of the ¢,,.

The convergence of finite dimensional distributions follows from Theorem 1. For
proving the tightness it is sufficient (see [B], Thm. 8.4) to find for every ¢ > 0 a
A > 1 such that for all n sufficiently big,

(5) u(maX 15,0/ >|>W> <

1<

Lemma 3. Let A > 0, and let Zy, ..., Z,—1 be square integrable random variables.
Then

) w2ul max 12> W) < 13017403
iz

Let hpj = gnj — Ugnj, 1 < j < n, and let each gn,; be normally distributed
with zero mean and variance less than or equal to Kn/logn, n =1,2,.... Then,
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uniformly for all n,
. . 2 . . _
(ii) /\11}11;0 Slrllp)\ u(lréljagxn [S;(hn )| > )\\/ﬁ) =0.

In the case when for all 1 < j < n, g, ; = gn and h, ; = h, we have:

Let hy, = g — Ugy, and let each g, be normally distributed with zero mean and
variance less than or equal to Kn/logn, n=1,2,.... Then, uniformly for all n,

. 2 . _
Alingos%pk u(lréljagxnwj(hnﬂ > /\\/ﬁ) = 0.

Proof of Lemma 3. By the Chebyshev inequality we have

n—1 n—1
Z
pl( w1215 2R < w21 > i < 31D
j=0 =0

NN

From this we get (i). (ii) follows from

p(( max 18 (k)| > A) = o max [ga; — Uga 5] > AV)

1<5< 1<5<

<u(mmu7%A>A¢7®<nmmw>A¢vm

<ny2/m e " /zd;vgnn_’\ /4K
AVlogn/(2VK)
O
Lemma 4. (i) For every n = 1,2,... there exist random variables ggn), f](n) such

that for every 1 < j <mn

N
- a’ <1
ol =0 (o) o Nl <1
!/

g(n) is Gaussian. Thus,

Nz n
1518 =0 (o)

(ii) For every e > 0 there exists a A > 1 such that, for all n sufficiently big,

,u( max 1S (f /)|>)\\/ﬁ) < =

1<y

Proof. Each of the functions fk is a coboundary with a transfer function

dp—1pr—1
o= > U f
j=0 i=0
Let us denote
dp—1pr—1
Ge= > > Xkitj, Gk =0gk— Gk
j=0 i=0

we have

lgkll2 < drprer
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a'nda as px < dk7

di + pr

Gkl < oipi(di + pr) = 2

Let us define

g = §En) = Z gk, J = fi(n) = G-
k:dp<n k:dp<
We have
= 1
[9']l2 < Z Prdier < Z gor <1
k:dp<n k=1

(recall that by (3) e, = 6~3%), and from Lemma 2 (with a = /3, c = 2, p = 1/2)

it follows that
1/2
1702 = O ( —
logn '

Because S;(f') =g 4+ ¢ — (¢’ +§') o T, we can estimate the L? norm of S;j(f’) by

1/2 1/2
. ! — —n = i
15,k =0 () +2 X dne=0 ()

k:dp<n

which finishes the proof of (i).

Let us prove the tightness (ii).

The functions fr are coboundaries with bounded transfer functions. For any
fixed ko, the tightness condition (ii) is fulfilled for SIF°, fp.

We replace f' by >y p sp 4, <n fr (and denote it f7). In the same way we replace

¢, f', and §. Let us denote

|
—

J
Si(fy=Y U'f=¢-077.

<
Il
o

By Lemma 3(iii) we have

hm sup A ,u( max |S (/| > )\\/ﬁ) =

—>OO»,~L

and by Lemma 3(i) we get

N2 max [S5(1') — S;(F)] > AWm)

1<_7<n

le g —7)-Ug -0} <493

We have

||g/||2 < Z Prdier < 26~ 2ko
k: k>ko, dp<n

Hence by Lemma 3 for every A > 0

lim Apu( max |,() (7)) > W) =

0—>OO

This finishes the proof of (ii). |
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Lemma 5. (i) For everyn =1,2,... and 1 < j <n there exist Gaussian random
variables C, g7 D, g E, «,j and mndom variables C, g7 D, s B j such that

Si(f")=Cuj+ Duj+Euj+Cij+Dij+Esj,

~ 1 ~ ~ n
*,7 3= D* j E* =
[Cujllz =0 <logn) ; [Dx; + B jllz = O logn )’

N 1 - ~ 1
Cale=0(55) . 1Dy + Eusle=0(53)-

We thus (for 1 < j <mn) have

I35 =0 (1o )

(il) For every € > 0 there exists a A > 1 such that, for all n sufficiently big,

u( max |S;(f")| > /\\/ﬁ) <

1<j<n

Proof. The first statement can be proved easily. In order to prove the tightness at
the same time, we’ll adopt a more complicated approach.
For pr > n and 1 < j <n we have

Jj—1pr—1
Z Z UM (fe — U fi,) = Cy,j + Di,j + B
=0 =0
where
pr—1
Crj=3Cr1=3 Y U'(fr — U™ fi),
j—2 Pr+i—2
D= (i+ DU (f=U%f)+ > (G+ps—1=i)U'(f = U™ fr),
i=0 P—
n—1
Eng=j Y Ufu =U ).
i=j—1

Let us denote

Cij=7Cc1 = Z Crj, Dij= Z Dy, E.;= Z Ek.j;

k:pr>n kipr2>n k:pr>n
we thus have
Si(f") = Cuj + Duj + B j.

We shall prove both statements of the lemma for C, ;, D, ;, E. j, separately
Replacmg U'f, by X},i, we define C’kj, ij, Ekj, and CH, .31 E*,J We
denote ij —ij ij, ij —ij ij, Ekj —Ekj Ek)J, and é*)j =
Cyj — Cw, D*j =D, —D*J, E*J =E,;— E, -
From the independence of the X, ; it follows that ||Cy, ;|13 < 2j%prai = 25227%/k.
Hence

ICallz= > ICkal3 <

nlogy,n’
k>log, n 82
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We have
R 1
[Cinllz <2 Y prer =0 <$> :
k>log, n
Hence,
2 4
Cotlls € —— +2 < .
1€l < Zoreem Mzg: PRES Unlogn
Zloga n
Therefore,
4j
6 Cijlle < ——
( ) ” ,J||2 \/W
and
16
o VN(@J@;‘”'C*J' > W) = Xp(n|C.n| > AWn) < g 0

Dy.j + Ej j has the same distribution as Zi;é U'hy,, where

n—1 n—1

7 79

hi = E Xis = U E Xii
P i=0

and D, j + E, ; has the same distribution as Z;;é > k>log, n Ulhy,.
The function hy is a coboundary with a transfer function
2n—1n—1

gk = Z ZXk,u+i-

u=0 =0
Hence

Let us denote

We have ||gx||3 < 2n3a?, and hence

~ 1 1 4n
2 3 3
IG5 < E 2n o2k < E 2n o2k < logy 1

k:n<py k=[log, n]
Therefore

- - . 16n
8 D, +E. |3=|G-U'G|3 < .
(8) 1Dy + Bl = | I3 < 1o
Because

. . 1
9) IDuj+Dujlla<6 > piex=6 > 4be=0 (ﬁ) :
k:n<py k:n<pg

we have

n
D.;+E. ;|3=0 :
1D+ Eesl =0 (o

This together with (6) proves (i).
Let us prove (ii).
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From Lemma 3(iii) and (8) it follows that
. 2 as . - .
iy 500 (s, 1D+ Bl > M) = 0
and by (9) and Lemma 3(i) we have
hm lim A u( max |D*J + B, | > )\\/_)

—)OO n—oo
Hence

hm lim A u( max |D*J+E*j| >)\\/_)

A— o0 Nn—00

From this and (7) it follows that
/\hm lim A ,u( max. 1S; ()] > )\\/ﬁ) =

|

Lemma 6. (i) For everyn =1,2,... and 1 <m < n there erist Gaussian random
variables S, , S’m 1, S’m 2, and mndom variables Sm+, Sm)l, Sm,2 such that

Sm(f") = 8"+ + Sma + Sz + Sy + S + Sm.o,

1 n
1803 =0 (o). I3malg =0 (o)

— 2 _ n
123?7171” ZY’” m71”2_0<1ogn> ’

1 - 1 - 1
HW+M—O(E),n&mm=0(ﬁ),n&ﬁm=0(ﬁ).

We thus have

150 }:Yﬂﬂb—- ()

(ii) For every e > 0 there exists a A > 1 such that, for all n sufficiently big,

,u( max |S;(f")] > /\\/ﬁ) <

1<j<n
Proof. Let pp, <n <dpand 1 <m <n. For 0 <m <n—1 we define

pr—1

fr- = > SN U(fi U™ i),

k:pr<n<dy,pr<m i=0
frlr/H- =f"- f’r/T/L—7
so that
Sm(fll) = Sm(fylfm—) + Sm(f:z—!—)'

For proving

o, Ejyymz 0 (1)
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and

. . 2 " —
lim limsup A u(lglwz}%(nwm(f )| > /\\/ﬁ) =0

—00 n—oo
it is sufficient to show corresponding statements for the sequences Sy, (f,.),
S (i) = Y1 Yin j and S (f1],), respectively.

Estimation for S,,(f;, ). We have

—

m pr—1
Sm(finy) = > DU (fe = U™ ).

7=0 k:pp<n<dr, m<pp =0
Let us denote
pr—1

m—1
Sy = Z Z Z (Xk,its — Xbdytits)s

J=0 k:pr<n<dr, m<pj, =0
o " "
Sm+ - Sm(fm+) - Sm+'
Sy, has the same distribution as

pr—1

m—1
She = >, > Knirs = Xeop+ie)-

7=0 k:pr<n<di,m<pp =0

Recall that 0X;m- = X i+1 whenever Xj,; and Xy ;41 are defined; we thus get

pr—1
E E (Xkivs — Xkpprits) = Hmy —UHpy,
k:pr<n<dp, m<pj =0
where
2pr—1pr—1
[EEED S 3 Sr
k:pr<n<di,m<pr j=0 =0
Hence
ar r7 rTm ry
Sm+:Hm+—U Hm+.
We have
] 2 3 .2 2k
[Hm |2 < > dpjog, = 4 > T
k:pr<n<dp, m<pk k:pr<n<dp, m<pi

By Lemma 2 (with a =2, p =1, ¢ = 1) there exists K < oo such that

. n
H,.l2<K
s < K
for all m = 1,2,...; hence
10 " 2 _ Sv// 2 _ o) n .
(10) 1S+ ll2 = 11542 oz,

From Lemma 3(ii) it follows that

. . 2 " _
(11) lim lim A u<1g1n§)§<H|Sm+| > /\\/5/2) =0.

A—00 N—00
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We have (cf. (1))

S 1
12) ISl <2 > mme<2 > pgekzo@);

k:pr<n<di, m<py logs n<k<log, n
hence by Lemma 3(i)

. . 2 U —_
(13) )\hm lim A “(1?ﬁ§nlsm+| > )\\/ﬁ) =0.

—00 N—00

Estimation for S,,(f/!_). For p, < m we have

m—1pr—1 Pr—2

m—1
NS UYR= Y G+D0f+p >, Uf
=0 i=0 j=0 j=pr—1

m-+pr—2
+ > (mAp—j— DU fi
j=m
Let us denote
m—1
Sm,1 = Z Dk Z Ul (fr. — U™ fi),
k:pr<n<di,m>pr  j=pr—1
pPr—2 ‘ B
Sma= > (X G+ -UF)
k:pr<n<dg, m>pg 7=0
m—+p—2
+ Y (mApe—i - DU (fi - Ud’“fk))-
j=m

Replacing U7 f}, by Xk,j, we define §m71 and S’mgz
S’Tml = Sm71 - S’771717 S’77172 = Sm,2 - S’77172'

For simplicity of notation (and without losing generality), in the definitions of S’mg
and Sy, 2 we replace U7 (fi, — U% f;.) by U7 fi, and Xy j — Xp.d,+; by Xk,;. We thus
have e.g.

Pr—2 m+pg—2

Spmo = Z ( Z (G+1) Xy, + Z (m+ppy—J— 1)X1w‘)-

k:pp<n<dg,m>py  j=0 j=m

The S’m,g, 1 < m < n, have the same distributions as

Pr—2 m+p—2

Spo = > ( S ok =) Xki— >, (m+pr—j— 1)X1w*>

k:pr<n<dp, m>pg 7=0
Pr—2 Pr—2

= > > ok =N Xk; U™ > (o _j)Xk,j)-

k:pr<n<dp, m>pg 7=0 7=0

Jj=m

/

Therefore,
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with
B Pr—2
G = > Gr where gx= > (pr — )Xk
k:pr<n<dg, m>pg 7=0
From

. 2k
IGel3 < pia’® = -

and Lemma 2 (with a =2, p =1, ¢ = 1) it follows that there exists a K < oo such
that

~ - n
IGIE<1 > GlE<Kp—
en
logs n<k<logy n
Therefore
= n
14 Small2=0
(14 150213 =0 (15 )

and from Lemma 3(ii) it follows that
(15) )\2M(O<m§x . |1Sm.2| > /\\/ﬁ) — 0 for A\ — oo, uniformly for all n.

We have

. 1
(16) Sncles2 Y Ra-0().

k:pp<n<di, m>pg

Hence by Lemma 3(i)

(17) )\2u< ) 1S 2| > )\\/ﬁ) — 0 forall A\, n— oo.

max
0<m<n—

The same results are obtained if we replace fi by fi — U% f}, and Xy by X —

Xidy+j-
We have

m—1
Sm.1 = > > o (fe = U™ i),
k:ppr<n<dp, m>py j=pr—1
m—1
S, = > Y pe(Xny = Xiars)s
k:ppr<n<dp, m>py j=pr—1
m—1
Sm,1 = > Y oel(Fe = Xug) = U™ fi = Xpayt5))-

k:pp<n<dg, m>py j=pr—1
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We calculate

m—1 B m—1 m—1
I Yoy =Smal3=11>. > ouXuy— > > peXn,ll3
Jj=0 1

J=0 k:pp<n<dy k:pr<n<dg, m>py j=pr—
Pr—2 m—1
2
= > > X+ ) > X3
ki pp<n<dg,pr<m j=0 k:pr <n<dg, m<pyp j=0
2 2 2 2
= E Pi(pe — Doy, + E Drmag
k: pr<n<dg, pp<m k:pp<n<dg, m<py
pr— 1 m
= —t X T
k:pr<n<dy,pr<m k:pr<n<di, m<pg

By Lemma 2 (with a =2, p=1, ¢ =1) and m < n we have

pr—1 n
Z k _O<10gn>'

k:ppr<n<dp,ppL<m

Because log, m < logs n if and only if m < n!°8:2 the maximum

1 m 1 m
max — E — = mhax — E -
1<m<nn k 1<m<nn
- - k:pr<n<dg, m<pg - - logs n<k<log,y n,log, m<k
is achieved for m > n!°832. The sum

> Vk= Y. 1/k

logs n<k<log,y n,log, m<k log, m<k<log, n

can be estimated from above by flzogg;:l(l /x) dx; hence

m 1 m
o Z Z < E(log logn — loglog m).
log, m<k<log, n

Using the mean value theorem, we get (for m < n)

m Z @Sm loglogn — loglogm logn—logm(n_m)
k n logn — logm n—m
logy m<k<log, n

1 1 —
n (n—m) n-m

n logm m
Because the maximum of (1/n) Zlogs n<k<log, n, log, m<k M/ k 1 achieved for m >
n'°&s 2 it is estimated from above by O(n/logn). Therefore

m—1
1 ~ 1
(18) max 11 Yoy = Snalp =0 ()
Jj=0

1<m<n n logn

IA

- logm

We have

m—1

gm,l == Z ‘/jv

J:
where
V= > Pr( Xk = Xkdyt)-

ki pp<n<dg, m>py,j>pr—1
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Because the V; are mutually independent and

Vilg<2 > pei,
k:pr<n<dg
which has been estimated (cf. (4)) by 2(loglog 3 — log log 2).

By the invariance principle for independent random variables (see [B]),
(19) A2 (O<max |Sm1| > /\\/ﬁ) — 0 for A — o0, and n — oco.
We have

. 1
(20) S]]z < 2 > prdier, = O (E) :
k:pr<n<di, m>py
Hence by Lemma 3(i)

(21) /\2u<0<max S| > )\\/r_z) — 0 for n— oo.
From (10), (12), (14), (16), (18), (20) we get (i), and from (11), (13), (15), (17),
(19), (21) we get (ii). |
From Lemma 4(i), Lemma 5(i), and Lemma 6(i) we obtain
Lemma 7.
1o\ /2
121}2(11_”513 ZY all2 (1ogn> '
Theorem 1 follows from Lemma 7 and Lemma 1(ii). O
Theorem 3 follows from Lemma 4(ii), Lemma 5(ii), and Lemma 6(ii). |

Recall the definitions

Y.i= Z Pr(Xni — X, dyti)s Znj = Yn;

v/2(loglog 3 — loglog 2)

kipr<n<dy ||Yn,jH2
We define
Y, = Z Pre(Xkyi — Xk dy+i),
kipr <i<dp
2(loglog 3 — loglog 2
7, = y,Y2loglogs “loglog2)

13l ’

Lemma 8.

loglogloglogn 1/2
max—||ZZ Y, i)lle =0 —=——"—— .

1<t<n/n logn
Proof of Lemma 8. First, let us prove
loglogloglogn 1/2
(22) 112?2(717” Z Y= Yol = (T .

Let 1 </ <n. We have

-1 -1
(Y, = Yjn) = Z Z PeXk,j —Z Z PeXk,js
0

j= §=0 ki pp<j<di<n =0 k: j<pj, <n<di
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hence
-1 n—1 1 n—1 1
(23) DR OIEED DD DR DID D
j=0 J=0 k:prp<j<dr<n J=0 k: j<pr<n<dg

Because pr, < j < di < niffloggj < k <logyj, k <loggn, and log, j < logsn iff
j < nlogs 2 we have

n—1 [ logs 2] n—1
1 1
DI S A VNPV LD > i
7=0 k: pg <j<dk<n J=0 logs j<k<log, j j=[nlcg3 2|41 logz j<k<logzn
and
n—1 1 [n10g3 2] 1 n—1 1
(25) Z 5 S > it X > %
7=0 k: j<pr<n<dy j=0 logs j<k<log, j j=nllogs 2141 log, j<k<log, n
By (4), for all j we have
1 3log3
Z — < (loglog 3 — loglog2) + o8 ;
k log j

logs j<k<log, j
hence for ¢ > (loglog 3 — loglog2) + (3log3/logn)

[n1o88 2]

(26) Z ¥ % o1 + n'o8s 2),

= logs j<k<logy, j

In the same way as we derived (4) we get
1

log ( og@) + 5 )
logj /) = logyj

(log n) 3
log - | + -,
log j logs j

(]
&=
IN

log, j<k<logyn

i\
I =
IN

logs j<k<logzn

and hence

n—1

j=nllogs 2] 41 log, j<k<log, n j=nllogs 2]
-1

(]
I =
IN

(27)

n—1

>

j=nllogs 2141 logg j<k<logz n j=

AN
&=
IN

logn 3n
log - | + .

log j logs n
For j > nl°8s 2 there exists ¢ > 0 such that

logn logn
1 —— —1].
Og<10gj) <c<10gj )




3368 DALIBOR VOLNY

Let K =loglogn. For logn > 2loglogn we have

"z_:l logn
o (2

j:[nlog3 2] ].Og ‘7

B [n/lfn] o logn n S o logn
N & log j &

log 7
j=[nlog3 2] j=[n/logn]+1 08J

n—1
1
< ln (loglog 3 — loglog2) + Z 1C<M—l>

(28) ogn iin ) Tow ]+ log j
n /K] logn il logn
S c<lo,_1>+ T c<10__1>
81 jon/togn+1 N 087 j=ln/Kl+1 08

o noyenf logn N logm
“logn K \logn —loglogn logn — loglog K
n 2cn loglogn loglog K
— 2en .

<
~ logn K logn logn

From (23)—(28) it follows that there exists a constant C' such that for all n suffi-
ciently big

-1
2 nloglogloglogn
vz < |
22) e | 05~ il < TR
j:

It remains to show that

-1
nloglogloglogn
w1320 - 21 =0 .
§=0

1<f<n logn

From the mutual orthogonality of the Y; we get

£—1 £—1
2(loglog 3 — loglog2)
1300 =zl = | Y w1 - Y2LOELED loBlos D)
=0 =0 ’

=

=> (V]2 — v/2(loglog 3 — loglog 2))*

=0
-1 -1

<2 (Yn; — v/2(loglog3 —loglog2))® + 2 " [[Y; — Y;,51f3.
j=0 j=0

By (22) and Lemma 1(i) the last two summands on the right are O(n/log® n) and
O(nloglogloglogn/logn), respectively. |

Theorem 2 follows from Lemma 7 and Lemma 8. O

Proof of Theorem 4. For every positive integer n



INVARIANCE PRINCIPLES AND GAUSSIAN APPROXIMATION 3369

By Lemma 4(i), Lemma 5(i), and Lemma 6(i) the difference S, (f) —>_7= 01 Y, ; can
be expressed as

Z =Gy = Gy 0T+ Can 4 Dun + Eun + Sy + o

j=0
+ (81 - Z Yoi) + Gwy = Gmy 0 T" + Coin + Do + B + 1+ S + St

j=0

The random variables E?_Ol(Y i — Zj), ~En)’ ~(n) oT", C, s D, s E. > Sy,
§n71 — Z? OlYnJ, and Sn o are Gaussian with zero means (as the Xn,; have zero
means), and (by Lemmas 4(i), 5(i), 6(i), and 8) their variances are bounded by
nloglogloglogn/logn.

For any ¢ > 0 and Gaussian random variables A,, with variances bounded by
K loglogloglogn/(lognloglogn) for some K, we have

2 [ 2
u(|An|>e):\/—/ e 2 dy < 72
™ 5\/lognloglog n/(K loglogloglogn)

for n sufficiently big. By the Borel-Cantelli lemma we thus get
(29) li An 0 as
1m — = .S.
n—oo y/nloglogn
for Ap = (X720 Vnj = Zj) + Gy + 8oy 0 T" + Coni + Dun+ B + Sy + Spy —
Z?:_()l Yo+ S'ng) Let us define

§=>_|dn
k=1
Then

for every n; and because ||g;,||2 < diprer = 672F (cf. the proof of Lemma 4), § € L2.
From the integrability of §® it follows that

D gy o T" > ev/n) <Y u(g* > €n) < co.
n=1 n=1

Hence by the Borel-Cantelli lemma

Gy o T"
30 lim ————==0 a=s.
(30) o0 vnloglogn as

and similarly
"I

31 lim ————= =0 a.s.
(31) o vnloglogn o

By Lemma 5(i) and Lemma 6() there exists a K such that if A, is any of the

random variables C, o D, " E, o S’n+, Sn 1, and S’n 1, then FA2 < K/n?. Hence
by the Chebyshev inequality

(| An| > ev/n) <
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and by the Borel-Cantelli lemma
1 ~ N . ~ ~ ~
(31) Jim W(Om +Dipn+Ewn+ S, +Sn1+Sn1) as.

From (29)—(31) we get

o Sl — 350 %
n—oo  y/nloglogn

=0 a.s.

3. CONCLUDING REMARKS

Using the previous constructions, E. Lesigne recently proved ([Lel]) that in an
aperiodic and ergodic dynamical system there exists a function f € L? such that
for the process (f o T%) the almost sure central limit theorem holds. This means
that for almost every w the measures

1 1
Togn > 7 0suw)/va
k=1
weakly converge to the standard normal distribution; here, d, denotes the Dirac
measure at a point « € R and S, (w) denotes Y1 f(T'w).

According to [Le2] it seems that using the ideas of the previous proofs one can
get the invariance principle (convergence of finite dimensional distributions) in the
sense of the convergence to a-stable processes, 1 < a < 2. It would be very
interesting to understand what happens for the Cauchy law (o = 1).

Recently J.-P. Thouvenot and B. Weiss ([T-We]) showed that in every aperiodic
and ergodic dynamical system and every probability law (i.e. probability measure
on the real line) v there exist a measurable function f and a sequence ¢, — oo
such that the distributions of the normalized sums S, (f)/c, converge weakly to v.
More generally, for any connected and closed set G of probability laws f and (c;)
can be found such that v € G if and only if there exists a subsequence ny — oo
such that the distributions of the normalized sums Sy, (f)/cn, converge weakly to
v.

The set of functions f for which the central limit theorem holds is small: In
the space of zero mean LP functions, 1 < p < oo, for every sequence a,, — o0,
an/n — 0, there is a dense Gy set of functions f such that for every probability law
v there exist ny — oo such the distributions of (1/ay, )Sn, (f) converge weakly to
v (see [Vol]; the case of p = oo is considered in [K-Vo]). A similar result holds in
the space of continuous bounded functions on a metrizable compact where T is a
homeomorphism (see [Li-Vo).

In chaotic dynamical systems, sufficient smoothness can guarantee the central
limit theorem (cf. e.g. [Ka], [Ch]), but for irrational rotations we get results similar
to the LP spaces (see [Li-Vo]).
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